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A triple system is a balanced incomplete block design D(v, k, h, b, r) with 
k = 3. Although it has been shown that triple systems exist for all values of the 
parameters satisfying the necessary conditions: 
X(u - 1) = 0 (mod 2), Xv(u - 1) E 0 (mod 6), 
direct methods (nonrecursive) of construction are not available in general. 
In this paper we give a direct method to construct a triple system for all values 
of the parameters satisfying the necessary conditions. 
1. INTRODUCTION 
A balanced incomplete block design D(v, k, h, b, r) is an arrangement 
of v distinct objects into b subsets, called blocks, such that each block 
contains exactly k distinct objects, each object occurs in exactly r different 
blocks, and every (unordered) pair of distinct objects occurs together in 
exactly h blocks. Besides being a problem of some generality in combi- 
natorial analysis, balanced incomplete block designs are often used in the 
design of experiments for statistical analysis in fields such as biology, 
agriculture, psychology, etc., where v is the number of varieties (or 
treatments), and each block represents an experiment in which exactly k 
varieties are involved and it is required that each variety and each pair of 
varieties occur exactly r and h times, respectively, in the set of experiments 
for balanced effect. Recently, it has also been applied to the design of 
switching networks. 
A block design may be described by its incidence matrix A = (aij), 
i = I,..., b, j = l,..., v, where if a, ,..., a, are the objects and B, ,..., B, are 
the blocks, we have 
clij = 1, if a$ E Bi , 
aij = 0, if aj y! Bi . 
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The five parameters v, k, h, b, r can be easily shown to satisfy the 
following two relations: 
bk = rv, (1) 
r(k - 1) = h(v - 1). (2) 
The first counts the total number of incidences in two ways, each row 
of A containing k ones and each column of A containing r ones. The 
second counts the occurrences of pairs containing a particular object, 
say a, . The object a, appears in r blocks, and in each of these r blocks is 
paired with (k - 1) other objects, while on the other hand, a, is paired 
h times with each of the remaining (v - 1) objects. 
A block design with li = 3 is called a triple system.l For triple systems, 
(1) and (2) become 
r = X(u - 1)/2, b = h(v - Q/6, 
and the condition that r and b be integers may be expressed as 
(3) 
X(v - 1) 3 0 (mod 2) Xv(v - 1) E 0 (mod 6). (4) 
Hanani [l] showed that these necessary conditions (4) on the parameters 
are also sufficient for the existence of the designs. However, his con- 
struction in general is recursive in nature and not direct. Usually, a direct 
method gives an easier construction, but till now triple systems have been 
constructed directly only for special values of the parameters. 
Historically, Netto [2] gave a direct construction for a Steiner triple 
system when v is a prime of the form 6t + 1, and Heffter [3] gave a similar 
one when v is of the form 6t + 3, where 2t + 1 is a prime. Bose [4], using 
the method of symmetrically repeated differences, gave a direct construc- 
tion for Steiner triple systems for (i) v = 6t + 3 and (ii) for v = 6t + 1 
and either v is a power of a prime or t odd. In [5], Th. Skolem gave a direct 
method for constructing a Steiner triple system in the case v = 6t + 1, 
t = 0 or I modulo 4, and in [6], H. Hanani extended this to include the 
cases t = 2 or 3 modulo 4. More recently, A. J. W. Hilton [7] showed that 
their methods can also be used to construct Steiner triple systems for 
2) = 6t + 3. Bose in [4] also dealt with the direct constructions for twofold 
triple systems when u = 6t and D = 6t + 4 but constructed the designs 
onIy for small values of t. Finally, Bhattacharya [8] successfully gave a 
direct construction for twofold triple systems in general. 
In this paper we give a simple and direct method to construct a triple 
system for all values of the parameters satisfying (1) and (2). 
1 Triple systems with X = 1 are called Steiner triple systems, and for other x’s X-fold 
triple systems. 
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II. SOME GENERAL DISCUSSIONS 
In view of (4), we need only construct triple systems in the following 
cases: 
X = 1 or 5 (mod 6), u s 1 or 3 (mod 6); 
h = 2 or 4 (mod 6), v = 0 or 1 (mod 3); 
h E 3 (mod 6), v = 1 (mod 2); 
X E 0 (mod 6), no restrictions on 0. 
Furthermore, since a h-fold design can be repeated t times to obtain a 
&fold design with the same u, and more generally a X,-fold design and a 
&-fold design with the same u can be put together to produce a (h, + h,)- 
fold design with the same v, we need only construct triple systems for 
h = 1, v = 1 or 3 (mod 6) 
x = 2, v = 0 or 4 (mod 6), 
h = 3, v-5 (mod (3, 
x = 6, v-2 (mod 6). 
In the following sections we give a simple and direct construction for all 
of the above cases. 
For brevity, we call the triple system D(v, 3, h, b, r), where (necessarily) 
b = hu(v - 1)/6, Y = h(v - 1)/2, a (0, h) triple system. We shall represent 
the v objects either by 0, 1, 2 ,..., u - 1, or by 0, l,..., u - 2, and co, and 
let U* denote the number of finitely labeled objects. A set of blocks with 
3 elements (a, b, c), called initial blocks, shall be used to generate cyclically 
other blocks: 
[a, b, clL = the set of blocks (a + i, b -k i, c + i) 
mod v*, i = 0, l,..., I - 1. 
(If I = u*, we say that [a, b, clV* is a full cyclic development from (a, b, c) 
and denote it simply by [a, b, c]. If I = 0*/t, we say that [a, b, c]~ is a I/t 
cyclic development from (a, 6, c). As usual, co + i = a.) 
Given any pair of finitely labeled objects (a, b), we say that (a, b) is a 
pair with difference d(a, b) where d(a, b) is the smalest positive residue 
mod u* = &(a - b). As usual, we let d(a, co) = co. The following 
lemmas are basic in our construction: 
LEMMA 1. Given any set of three differences (x, y, z) not all CO, suppose 
(4 , d, , da) is a rearrangement of (x, y, z) with dl < dz < d3 . Then (x, y, z) 
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form the dfirences generated by the three pairs (a, b), (a, c), (b, c) in some 
block (a, b, c) ij” and only if 
(1) dI + dz = d3 
or 
(2) dI + dz = -d3 mod v*. 
Proof. The necessity is obvious if the differences dI , d, , d3 are gener- 
ated from a block. For sufficiency, we may take the block to be 
(0, dI , dI + d,) in either case. 
A set of three differences (x, y, z) will be called an admissible triplet of 
type (1) if all x, y, z are finite and satisfies condition (1) in Lemma 1, and an 
admissible triplet of type (2) if it satisfies condition (2) in Lemma 1 or is 
of the form (x, co, a) (coming from the block (0, x, a)). Admissible 
triplets of type (1) have the property that they are admissible independent 
of the value of II, provided v is large enough to permit x, y, z as differences. 
LEMMA 2. Let (x, y, z) be an admissible triplet, x < y < z. Consider 
the set of blocks [0, x, x + y].. Then all pairs (a, b) with difference d(a, b) 
occur in these blocks precisely the number of times equal to the number of 
occurrences of d(a, b) in the set (x, y, z), except when v* = 0 (2), where the 
occurrence for pairs with d(a, b) = v*/2 is doubled. 
Lemma 2 is trivial to prove since [0, x, x + y] is a full cyclic development 
from the initial block (0, x, x + y). 
COROLLARY 2.1. Let (x, x, x) be an admissible triplet (necessarily 
v* = 3x). Then all pairs (a, b) with d(a, b) = x occur precisely k times in 
the set of blocks [0, x, 2x]kv*i3 . 
It is now clear how we may use the set D(v, h) of all possible differences 
(with their proper multiplicities) to construct (v, h) triple systems. We 
arrange D(v, h) into admissible triplets where each admissible triplet is 
used to construct fully cyclic or partially cyclic sets of blocks from an 
initial block determined by the admissible triple. The (2”) pairs of objects 
(a, b) whose occurrences in the blocks are to be counted are distinguished 
by their differences d(a, b) and the condition on the balanced occurrences 
of the pairs are then trivially counted by use of Lemma 2 and Corollary 2.1. 
As an illustration of the method, consider v = 15, h = 1. We may take 
D(15, 1) = {1,2 (...) 7}, v* = 15. The admissible triplets are (1, 3, 4), 
(2, 6, 7), (5, 5, 5) generating the set of blocks [0, 1, 41, [0, 2, 81, [0, 5, lo], , 
which is indeed a (15, 1) triple system. Note that the second admissible 
triplet is of type (2) and the third gives rise only to a partially cyclic set of 
blocks. Since we shall be concerned mainly with the admissible triplets, 
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we shall let (x, y, z)i , or (x, y, z), indicate that the set of blocks formed 
from the admissible triplet (x, y, z) is [0, 4 , d1 + dz], (d, , d, , as in 
Lemma l), or the full cyclic set of blocks [0, dI , dI + dz]. respectively. 
Also, admissible triplets of type (2) shall be indicated with a star, as 
(x, y, z)*. Furthermore, we let D*(v, h) be an arrangement of D(v, h) into 
admissible triplets in the above notation which properly generates blocks 
of a (v, h) triple system. 
As another example, consider 2~ = 10, X = 2. We take v* = 9 and 
D(10, 2) = { 1, 2, 3, 4, co, 1, 2, 3, 4, co}. Then 
D*(lo, 2) = NL 1,2), (2,3,4)*, (3, 3, 3),*, (4, a, co)*:. 
In general, we take D(v, h) to be either one of the following sets: 
(1) v odd: (1, 2 ,..., ((a - 1)/2)) h times. 
(2) v even (h must necessarily be even) (I, 2,..., ((v - 2)/2)) X times, 
v/2 h/2 times. 
(3) v even: (I, 2 ,..., (u - 2)/2, co) h times. 
III. STEINER TRIPLE SYSTEMS 
Necessarily v = 6t + 1 or 6t + 3. We take B(Y, 1) to be the set 
(1, 2,..., ((v - 1)/2)) and arrange D(v, 1) into t sets of admissible triplets 
for v = 6t + 1, and D(v, 1) - (2t + 1) into t sets of admissible triplets, 
plus the triplet (2t + 1, 2t + 1, 2t + l):,, for v = 6t + 3. Although we 
need to consider eight separate cases according to t = 4w + C, 
E = 0, 1, 2, 3, the general construction has a basic structure which is rather 
uniform. 
Let A4 be the 4 x 3 matrix 
define AT(M) to be the following set of admissible triplets of type (1) 
(vacuous if Zi < 0): 
(a,+2i,Ilw+b,-i,llw+a,+b,+i), i = 0, 1, 2,. .., I1 , 
(a2 + 2i, 8w + b, - i, 8w + a, + b, + i), i = 0, l,..., I, , 
(3w + a3 + 2i, 6w + 6, - i, 9w + a3 + b, + i), i = 0, l,..., I3 , 
(3w + a4 + 2i, 3w + b, - i, 6w + a4 + b, + i), i = 0, 1 ).... I4 . 
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We choose a, , bi , li , i = l,..., 4, properly so that all numbers appearing 
in AT(M) are distinct and also belong to D(v, 1). Let R be the set of 
differences in D(v, 1) not in AT(M). We then arrange R into sets of 
admissible triplets, so that together with AT(M), they indeed constitute 
D*(u, 1). 
In the following, we list M and the arrangement of R into admissible 
triplets for each of the eight cases. 
Case I. o = 6t + 1 
(1) t =4w, u = 24~ + 1 w  > 0 
(2) t = 4w + 1, u = 24w + 7 
(3) t=4w+2, u=24w+13 
R = j(2+v + 1, 6w + 3, 8~’ + 4) 
1(3w + 2,9w + 5, 12w + 6)* 
(4) t = 4w + 3, v = 24w + 19 
1, 
i 2, 
7, 11’ - 1 
4, IC’ 
- 
M= 1 
5, 3, 11’ - 1 
4, 1, w  - 1 i 
Case II. u = 6t + 3 
(1) t = 4w, u = 24w 
(2n~+1,6~~+4,8~+5) 
(3~ + 2,9w + 6, 12~ + 8) 
(3\V + 3, 9w + 7, 12w + 9>* 
(8w + 1, 8w + 1, 81~ + l)& . 
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(2) t=4w+l, u=24w+9 w>o 
(2w - 1,3w + 3, 5w + 2) 
(3w, 9w + 3,12w + 3) 
(3w, + 1, 9w + 4, 12w + 4)* 
(8w + 3, 8w + 3, 8w + 3)& 
The one exception for u = 9 can be constructed by taking D(9, 1) = 
(I, 2, 3, 4, CO>, u* = 8 and the admissible triplets as (I, 2, 3), (4, co, a)4, 
the latter set generates four blocks containing all pairs with difference 4 
or co exactly once. 
(3) t=4w+2, v=24w+15 
R = (3~ + 2,9w + 6, 12w + 7)* 
i (8, + 5, 8w + 5, 8~) + 5)& 
(4) t = 4w + 3, 2) = 24w + 21 
R = (8~ + 7, 8w + 7,8w + 7)& 
IV. TWOFOLD TRIPLE SYSTEMS 
We need only construct (u, 2) triple systems for v = 6t or 6t + 4. We 
take D(v, 2) as twice the set (1, 2,..., ((v - 2)/2), co). The following 
construction is essentially due to Bhattacharya [6]. 
Case I. u = 6t + 6, Y* = 6t + 5, D(u, 2) = (1, 1, 2, 2 ,..., 3t + 2, 
3t + 2, co, co). 
(1 + 2i, t + 1 - i, t + 2 + i) i = 0, I,..., t 
D*(v,2)= (2+2i,3t+l -ii,3t+2-ii)* i=O,l,..., t-l 
I (3t + 2, a, a)* 
Case II. v = 6t + 4, v* = 6t + 3 
D(v, 2) = (1, 1,2,2 )...) 3t + 1,3t + 1, co, co) 
(1 + 2i, t - i, t + 1 + i) i = 0, I,..., t - 1. 
(2 + 2i, 3t i, 3t + - I - D*(vy 2, i)* i = 0, l,..., t - 1. = 
(3t + 1, co, co>* 
(2t + 1,2t + 1,2 + q*,, 
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In the following, we give another construction for u = 12t + 4 with 
D*(u, 2) consisting entirely of admissible triplets of type (1). This will be 
used in the construction of (0, 3) triple systems in the next section. 
We take D(v, 2) to be the set 
(1, 1, 2, 2 ,..., 6t + 1, 6t + 1, 6t + 2) 
and 
I (1 + 2i, 5t + 1 - i, 5t + 2 + i) i = 0, l,..., t - B 1, = 
(2 + 2i, 3t - i, 3t + 2 + i) i = 0, l,..., t - 1. 
Note that B consists of the set of differences (1, 2 ,..., 3t, 3t + 2 ,..., 
6t + 1). Hence we may take D*(u, 2) to be (B, B, plus (3t + 1, 3t + 1, 
6t + 2)). 
For future reference, we denote this D*(12t + 4, 2) by D,*(12t + 4,2). 
V. THREEFOLD TRIPLE SYSTEMS 
We need only construct (0, 3) triple systems for u = 6k + 5. We divide 
the construction into several cases below: 
Case I. k = 4w, v = 24w + 5. 
(1) w  = 0, u = 5. We have trivially 
D*(5, 3) = 10, 1, 2), (L2, 2)*). 
(2) w  > 0. 
Consider D*(24w + 7, 1) given in Section III, Case I(2) which is an 
arrangement of D(24w + 7, 1) = (1,2 ,..., 12w + 3) into admissible triplets 
of type (I), and D,*(24w + 4, 2) given in the last section which is an 
arrangement of D(24w + 4,2) = (1, 1,2,2 ,..., 12w + 1, 12w + 1, 12w + 2) 
into also admissible triplets of type (1). The set D(24w + 7, 1) plus 
D(24w + 4, 2) differs from D(24w + 5, 3) in only one difference, namely 
D(24w + 7, 1) + D(24w + 2, 2) - (12~ + 3) 
= D(24w + 5, 3) - (12~ + 2). 
Removing the admissible triplet (2w - 1, low + 4, 12w + 3) from 
D*(24w + 7, l), we change it to (2w - 1, low + 4, 12w + 2)* which 
is an admissible triplet of type (2) for a = D* = 24w + 5. Since 
admissible triplets of type (1) remain admissible triplets for all values of 
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u* which have them as differences, D*(24w + 5, 3) can be given as the 
following: 
D*(24w + 7, 1) with (2w - 1, low + 4, 12~ + 3) removed. 
D,*(24w + 4, 2), and (2w - 1, low + 4, 12~ + 2)*. 
Here we have given a more detailed accounting of the differences 
appearing in all sets concerned for the less familiar reader. Following 
similar arguments, we shall be brief in the next cases and simply list the 
admissible triplets. 
Case II. k = 4w + 2, u = 24~ + 17. 
Consider D*(24w + 19, 1) given in Section III, Case I(4), and 
D,*(24w + 16,2) given in the last section. Then 
D*(24w + 17’ 3, = 
I 
D*(24w + 19, 1) with 
(3w + 2,9w + 6, 12w + 8) and 
(3w + 3, 9w + 7, 12~ + 9)* deleted; 
1 plus D,*(24w + 16, 2) 
plus (3w + 2, 9w + 7, 12w + S)* 
and (3w + 3, 9w + 6, 12~ + S)*. 
Case III. k = 4w + 1, u = 24w + 11. 
Consider D*(24w + 7, 1) given in Section III, Case I(2), which consists 
entirely of admissible triplets of type (1). Then 
D*(24w + 11, 3) 
: 
= 1 
D*(24w + 7, 1) 
plus 
(1 + 2i, 6w + 2 - i, 6~9 + 3 + i) i = 0, l,..., 2w - 1 
(2+2i,lOw+4-i,IOw+6$-i) i=O,l,..., 2111-1 
(1 + 2i, 1014~ + 4 - i, 10~ + 5 - i) i = 0, l,..., 2w 
- (2 + 2i, 6w + 2 - i, 6w + 4 + i = - i) 0, l,..., 2w 1 
and 
(4w + 2, 6x7 + 3, low + 5) 
(4~ + 1, 8w + 3, 12~ + 4) 
,,(4w + 2, 8w + 4, 12w + 5)* 
Brief note: D*(24w + 7, 1) contain the differences (1, 2,..., 12~ + 3) once. 
The next two lines contain the differences (1, 2,..., 12~ + 5) once except 
4~ + 1, 4w + 2, 8w + 3, 8w + 4, IOw + 5. The following two lines 
contain the differences (1, 2,..., 12w + 5) once except 4w + 2, 6w + 3. 
These exceptions plus 12~ + 4, 12w + 5 missing from D*(24w + 7, 1) 
make up the last three admissible triplets. 
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Case IV. k = 4w + 3, v = 24w + 23. 
0*(24w + 23, 3) 
(1 + 2i, 101~ + 9 - i, 10~ + 10 + i) i = 0, I,..., 2w + 1 
(2 + 2i, 6w + 5 - i, 6w + 7 + i) i = 0, l,..., 2w 
(1 + 2i, 6w + 5 - i, 6w + 6 + i) i = 0, l,..., 2w + 1 
(2 + 2i, low + 9 - i, low f 11 + i) i = 0, l,..., 2w 
(1 + 2i, 6w + 6 - i, 6w + 7 + i) i = 0, I,..., w 
= I(2 + 2i, low + 9 - i, 10~~ + 11 + i) i = 0, I,..., II’ - 1 
(2w+3+2i,91~+8-i,llw+ll+i) i=O,l,..., kiv 
(2w + 4 + 2i, 5w + 4 - i, 7n, + 8 + i) i = 0, I,..., w - 1 
(4w + 4, 5w + 5, 9w + 9) 
(2w + 2, 8w + 8, 10~ + 10) 
(41~ + 4, 6w + 6, 101~ + 10) 
Brief note: Let D = (1, 2 ,..., 12w + 11). 
Lines 1 and 2 give the differences in D except 4w + 4, 6w + 6. 
Lines 3 and 4 give the differences in D except 8w + 8, low + 10. 
Lines 5, 6, 7, 8, 9 give the differences in D except 2w + 2, low + 10. 
These exceptions form the last two admissible triplets. 
VI. SIXFOLD TRIPLE SYSTEMS 
We need only to construct (v, 6) triple systems for v = 6t + 2. Take 
v* = 6t + 1 and D(6r + 2, 6) = the set (1,2, 3 ,..., 3t, co) repeated 
six times. 
Consider D*(6t + 1, 1) given in Section III, which consists of admissible 
triplets formed from the differences (1, 2, 3,..., 3t). Note that all admissible 
triplets in D*(6t + 1, 1) of either type are admissible triplets for the (0, 6) 
triple system to be constructed below. 
Delete any admissible triplet (x, y, z) from six copies of D*(6t + 1, 1) 
and add the admissible triplets (x, cc, co)*, (~7, co, co)*, (z, 00, co)*. This 
gives D*(6r + 2, 6). 
VII. CONCLUSION 
We have given here a self-contained method for the direct construction 
of triple systems in general. Although direct constructions have been 
known previously for many cases, notably those of Bose [2] for Steiner 
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triple systems and the elegant construction for (v, 2) triple systems by 
Bhattacharya [6], we have succeeded in pushing through the direct 
construction for all cases. For many values of (0, A) whose designs have 
already been constructed directly by others, our constructions give 
nonisomorphic designs in general, and we present them anew here both 
for completeness and for use in the construction of triple systems with 
other parameters, as in the case for the direct construction of designs for 
h = 3 and h = 6. 
We may also mention that the triple systems constructed here are very 
special in character. We say that a balanced incomplete block design 
D(v, k, X, b, r) is quasicyclic if the rows (blocks) of the b x v* submatrix A * 
of its incidence matrix A can be partitioned into q = [b/v*](u* x v*) fully 
cyclic submatrices and some (ti x v*) partially cyclic submatrices of 
period ti . (When b = v = v* and q = 1, this reduces to difference sets.) 
It is clear from our method of construction that all triple systems so 
constructed are quasicyclic. Hence we have proved: 
THEOREM. Quasicyclic triple systems exist for all values of the parameters 
satisfying the necessary conditions (1) and (2). 
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